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Dynamic Aeroelastic Response of Aircraft Wings Modeled
as Anisotropic Thin-Walled Beams

Zhanming Qin* and Liviu Librescu®
Virginia Polytechnic Institute and State University, Blacksburg, Virginia 24061-0219

The dynamic aeroelastic response of aircraft wings modeled as anisotropic composite thin-walled beams in an
incompressible flow and exposed to gust and blast loads is examined. The structural model incorporates a number
of nonclassical effects, such as transverse shear, material anisotropy, warping inhibition, and rotatory inertia. The
circumferentially asymmetric stiffness layup is used to generate preferred elastic couplings, and in this context,
the implication of elastic coupling, warping inhibition on the response is investigated. The unsteady incompressible
aerodynamics for arbitrary small motion in the time domain is based on the concept of indicial functions. The
implication of directionality property of composite material is revealed, the influence of the gust/blast profiles on
the response is discussed, and a number of conclusions are outlined.

Nomenclature
R = wing aspectratio, L /b
a;j = one-dimensional stiffness coefficients
b,d = semiwidth and semidepth of the beam cross
section, respectively
Cry = local lift curve slope
F,,a(s) = primary and secondary warping functions,
respectively (see Fig. 3)
Gsy = effective membrane shear stiffness
gy, h = thickness of the kth layer and thickness of the
wall, respectively
K;; = reduced stiffness coefficients
L, = unsteady aerodynamic loads
L, L, = aerodynamicloads due to gust
and blast, respectively
Mp = flight Mach number
M, M, = one-dimensionalsstress couples
m = number of truncated modes used
for the calculation
N = number of polynomials used
in the shape functions
n = number of aerodynamic lag terms used in the
approximation of Wagner’s function
P, = peakreflected overpressure
P, = nondimensionalizedvalue of P,,,
defined as b P, /(2b,U?)
0. = transverse shear force in the z direction
r = pulse length factor
U, = chordwise freestream speed,
defined as U, cos A
U = streamwise freestream speed
Ve = peak gust velocity
wo, q? = deflection, rotation about the reference axis
Wo, ¢, O, = nondimensionalizedcounterpartsof wy, ¢, 6,
X, xn = m X n matrix X
X7 = transpose of the matrix or vector X
0, = rotation of the cross section about x axis
16,1 = layup scheme
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A = sweep angle

Poo = mass density of the freestream

T = nondimensional time variables,
defined as U, t/b

o> = positive phase duration of the pulse

¢w = Wagner’s function

v,, ¥, ¥, = admissibleshape functions vectors with
dimension N x 1

/7' = Kiissner’s function

@nr = «/[“33/(b1L4)]|9:n/2
9§c’ fo = integral along the cross section
and the span, respectively
bl P
fib, f71 = airfoil integrals

[Q). )] = [00/0t,0°()/01]
[0.01 = [80/37.8°()/o7’]
(OO = 0/8y. 9()/8y’]
[O.01 = [0/, 8°0 /o)

I. Introduction

T is well-known that the next generation of advanced flight vehi-

cles, in general, and combat aircraft of the post-cold era, in par-
ticular, are likely to operate in more severeenvironmentalconditions
thanin the past. In this connection, the dynamic aeroelasticresponse
of advancedaircraft wings to time-dependentexternal loading, such
as gust, sonic boom, and explosive blast-induced loads, is closely
related to the level of the operational qualities of these flight ve-
hicles. In spite of the evident practical importance of the problem
of determination of the dynamic aeroelastic response of flight ve-
hicles to time-dependent pressure pulses, the specialized literature
on this issue is rather scarce. A recent paper! considers the prob-
lem in a rather comprehensive form, including the combination of
various gusts and explosive blast loads. However, the aeroelastic
model is still a 2-D one. This paper approaches the problem in an
extended context 7, in the sense that the aircraft wing is modeled as
an anisotropicthin-walledbeam, and based on it, the implications of
implementationof the elastic tailoringon the dynamic aeroelasticre-
sponse are investigated. Special attentionis given to the formulation
of the problem and the solution methodology. One should remark
that due to the nonconservative nature of the problem, the classi-
cal modal analysis is not efficient for the solution of the associated
eigen/boundary value problem. As pointed out in Ref. 2, the solution
of a general nonconservativesystem requires a state-space descrip-
tion. Correspondingly, the unsteady aerodynamic loads have to be
castinto a compatible form, that s, in a finite state form. Other ad-
vantages of using a finite state-space form of unsteady aerodynamic
loads includethat the control can be incorporated very conveniently.
In connection with the structural model used in this paper, it should
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be stressed that it represents the refined counterpart of the one con-
sidered in different contexts in Refs. 3—6. In the sequel, a number of
basic ingredients related to the pertinent governing equations will
be displayed.

II. Formulation of the Governing System

A. Structural Model

A single-cell, closed cross section, fiber-reinforced composite
thin-walled beam is used in the modeling of advanced aircraft wings
and toward the study of dynamic subcritical aeroelastic response.
Becasue of the importance demonstratedin Refs. 3—11, a number of
nonclassicaleffects have to be considered, which include transverse
shear, warping inhibition,*~® three-dimensionalstrain, and contour-
wise shear stiffness variation effects®”!*!!. For an overall assess-
ment of these nonclassical effects within the context of composite
beams, see Ref. 12. Note that the original development of the beam
theory in Refs. 3-5 does not consider the variation of contour-wise
shear stiffness, which was later extended in Ref. 6. For the geomet-
ric configuration and the chosen coordinate system that is usually
adoptedin the analysesof aircraft wings, see Figs. 1-3. Based on the
basic assumptions stated in Refs. 3—5 and adopted here, the follow-
ing representationof the three-dimensionaldisplacementquantities
is postulated:

ux,y, z,t) =uog(y, 1) +z¢(y, 1) (1a)

dz
v(x,y,z, 1) =v(y, 1) + |:X(S) - nai|9:(y, 1)

dx
+ |:Z(S) + HE})X(% 1) = [Fy,(s) + na(s)lg'(y, 1) (1b)
wx, y,z,1) = we(y, 1) = x¢p(y, 1) (Ie)

free stream direction

U

oo

U,=U.cos

locus of the aerodynamic center

»

>y

reference axis

contour line

Fig. 2 Geometry of the normal cross section.

Fig. 3 Displacement field for the beam model.

where

O, D) =py:(y, 1) —wo(y, 1), 0.0, ) =y (¥, 1) — (¥, )

dz d
a(s) = —(ZE +xd—)sc) (2a)

In the preceding expressions, 6, (y, t), 6.(y, t), and ¢ (y, t) are the
rotations of the cross section about the axes x and z and the twist
about the y axis, respectively, whereas y,.(y, f) and y,,(y, f) are
the transverse shear strain measures.

The principal warping functionin Eq. (1) is expressed as

Fu(s) =/ [ra(s) — ¥ (s)]ds 3)
0

in which the torsional function v (s) and the quantity r, (s) are ex-
pressed as

o ra(3) ds A dz

w(S): — _ — r,,(s):z——x—
h(5)Gyy(5) . [d5/h(5) Gy (5)] ds T ds
)

where Gsy(s) is the effective membrane shear stiffness, which is
defined as®

Nyy
h(s)y3,()

Notice that for the thin-walled beam theory considered
herein, the six kinematic variables, uy(y, 1), vo(y, 1), wo(y, 1),
0. (y,1),0-(y,1),and ¢ (y, t), which represent one-dimensionaldis-
placement measures, constitute the basic unknowns of the problem.
When the transverse shear effect is discarded, Eq. (2) degenerates
to, = —w; and 6. = — u, and as a result, the number of basic un-
known quantities reduces to four. Such a case leads to the classical,
unshearable beam model.

The strains contributing to the potential energy are as

Spanwise strain:

— 0 1
gyy(n,s,y,1) =¢, (s, y,1) +ne, (s, 5, 1) (62)

Gyy(s) = 5

where
0,6, 3,0 =v/(v,0) + 6. (y,Dx(y, 1) = ¢" (v, ) F, (5)  (6b)

1 ’ dz ’ dx "
&, (s, ¥, 1) = =6.(y, t)d— +6,'(y, )= —a(s)¢"(y, 1) (6¢)
N ds
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are the axial strain components associated with the primary and
secondary warping, respectively.
Tangential shear strain:

Ysy(s, ¥, 1) = ny(s, Y.+ (v, 1) (7a)
where
0 dx dz
VSV(S,)’J)=VU—+V;:— [u0+0] +[w0+0 ]_
L ds ds
(7v)
Transverse shear strain measure:
dz dx
Yay(s, y, 1) = “Yogy +Vybd [0+9] +[ 0+9]
(8)

The stress resultants and stress couples can be reduced to the fol-
lowing expressions:

&0
Nyy Ki K Kz Ky ”
Nsy _ Ky K» Ki K24—| Vs(iy 9a)
L,, Ky Ky Ky Ky ¢
Lyy Ksi Ks; Kss K54J el

Nuy = [Aus = Al [ Ass ]y (9b)

in which the reduced stiffness coefficients K;; are defined in Ap-
pendix A.

B. Unsteady Aerodynamic Loads for Arbitrary Small Motion
in Incompressible Flow

Based on the strip theory and two-dimensional incompressible
unsteady aerodynamics, the unsteady aerodynamic lift and aero-
dynamic twist moment about the reference axis (the locus of the
midchord points is adopted as the reference axis) can be expressed
as (Fig. 2)'3:

d b
Lae(y, 1) = poUnTo(y, 1) — pmaf Yo(x, y, H)x dx
—b

w X
+,Ooo n V S ybz) dx (10a)

b

Tae(y»t)z_meilf VU(x»y»t)Xd-x

—b

1 d [° 1
=P o[- =) d
+2p dt[byo(xy )(x > )x

L v ey

2 Vx2 b2

where U, is the freestream speed normal to the leading edge,
yo(x, y, t) is the quasi-steadydistributed bound vortex intensity (on
the wing), v, (x, y, t) is the vortex intensityin the wake, and 'y (y, 1)
is the quasi-steady circulation. From the potential aerodynamic the-
ory, Yo(x, y,t) and y, (x, y, t) can be uniquely determined by the
boundary (no-penetration) condition and the Kutta condition, as il-
lustrated in the following.

Expressed in the body-fixed frame!'*!3 (Fig. 2), the vertical posi-
tion of the wing cross section can be expressed as

¢y, )x (1D

(10b)

Za(x, ¥, 8) = wo(y, 1) —

where wy(y, ) and ¢ (y,t) are the plunging displacement of the
points belonging to the reference axis and the twist about this axis,
respectively. Note that the rigid angle of attack is not included in
this paper.

Denote F(x,y,z,t)=z,(x,y,1) —wo(y,1) —¢(y,1)x =0 as
the surface of the wing at time ¢, then the no-penetration condi-
tion of the flow can be expressed as:

DF(x,y,1) @F aF IF
S = F U VE = 4 (U + i) 5=

Dt Tt
oF oF
+v—+ (W, + w,)— =0 (12)
ay 0z
where u, =0®,/dx,u,, =0%,/dx, and w, =0%,/9z, and w, =

a®,/0dz, in which &, and ®,, are potential functions of the bound
vortex and wake 7, respectively. Based on the thin-airfoil theory and
small perturbation assumption,'* we get

90, 1" y(E, y,0)dE
wb(x» Y.z, t)l:*)U = =75
9z z—=0 2m o _g
(13a)
) 99, L [Ty ndE
ww(x, Y, 4»t)|:ﬁ0 - =75
z |, ., 2 x—§
(13b)
and the downwash
; 0z, . :
1) = oo T Wo— -0
wa(X, Y, 9t e ox Wo x¢ n¢
_ v "y yndE 1 [Ty &y ndE (13¢)
27 x—§ 2r I

In Egs. (13b) and (13c), the wake is assumed to be in a flat plane.
From Eq. (13c), the downwash quantities at the mid- and three-
quarter-chord locations are

wU,Sc(y» t) = wa(x» y»t)lxz(J = w() - Un¢ (143)

Worse (¥, 1) = wa (¥, ¥, D, _y, = wo — Unp — 3b¢p  (14b)

Following the works by von Karmén and Sears,'* (Ref. 14 and
Theodorsen,'® the aerodynamic loads can be separated into two
parts: the quasi-steady part (solution that ignores the influence of
the wake) and the part that correspondsto the influence of the wake.
Correspondingly,the bound vortex y, (x, y, ) can also be separated
into two parts, y(x, y,t) and y; (x, y, t).

For the quasi-steady part of the solution,

. 1 " wE y.0d
wa<x,y,r)zwo—x¢—u,,¢=—gf %?5 (152)
—b
b
r0<y,r)=f Yol . 1) d& (15b)
—b

whereas for the influence of the wake

_f AL Lf W@y 0E o 6
2

x—£& 2 x —£&
b 0 $+b
Fl(y,t)Z Vl(%',yj)dg: gTb_l Vw(g»%t)d%'
—b b
(16b)

Obviously, the total circulation on the airfoil is
Lp(y, 1) =To(y, ) + Ty, 1) a7

The Kutta condition applied at the trailing edge is (see Ref. 14)

o b
Fo(y,t)+f ,/iyw(é,y,t)d$=0 (18)
b §—-b
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The procedure of the solution consists, first, of solving the inte-
gral equation (15a) by using S6hngen’s inverse formulas of integral
equations (see Ref. 14), then obtaining the expressionof y;, (x, y, t)
and I'g(y, 1), and solving the integral equation (18) to obtain the
expression of y,,(x, y, ). In his paper,'” Sears has shown that the
spatial Laplace transform technique can significantly reduce the
complexity of the derivations. Finally, we get

and the downwash boundary condition, that is, three-quarter rule
for two-dimensional aerodynamics model, are modified to account
for the finite span effects!*2%-2!:

2n—>CL¢E£=L2n, lb—)b S 1
do AR +2cos A 2 2w 2
24

1 A
Loy, 1) = —Zb/ \ 1 i Z o — Up — béh] dE = _27Tb|:w0 —Ungp - %W} = —2bwosc(y, 1) (192)
-1 -

U, " dwg 75, U,
Lae(y, 1) = —7poob’ [Wosc (¥, )] — 27 poo U,,b{wo,m(y, 0w (Tt) + / Mqﬁw [70 = to)} dto} (19b)
0

dr,

L 2 U,t " dwg 75, () U,
Toe(y, 1) = —mpb EUMS + gb¢ — TP Unb™ Y wo 15 (¥, 0)pw | — ) + —dw T(f — 1) [ dfo (19¢)
0

b dry

where ¢y is Wagner’s function fulfilling

LD 4 gy 07)30) = £ [

Ki(p)
d } (20)

Ko(p) + K1 (p)

in which T = U, /b is the nondimensional time, £~! the inverse
Laplace transform operator, p the Laplace transform variable (the
counterpartof t),and § (r) the deltaDirac’s function,whereas K (p)
and K, (p) are the modified Bessel functions of the second kind
(see Refs. 2 and 17), and 0" denotes that T approaches O from the
right side. In Egs. (19b) and (19c), the underlined terms are as-
sociated with the circulatory part of the aerodynamic loads. The
quantity K;(p)/[Ko(p) + K1(p)]= C(p) is identified as the gen-
eralized Theodorsen'® function in the Laplace transformed space
(see Ref. 18).

To cast L4 and Ty, into state-space form, the approximate expo-
nential form of Wagner’s function is used:

ow(t) = |:1.0 — Za[ exp(—ﬂ[r):| H(t) 21)

i=1

where H (7) is the step function.

By denoting
t
] O, 1 U,(t —t,
D(y. 1) = Wo.750(Y 0)¢W ( 0) d, (22)
) oty b
we get
D(y. 1) = worsc(y.1) — Y o By(y. 1) (23a)
i=1
where B;(y, t) satisfies the condition

B; +[Bi(Un/b)1B; = o7 (. 1) (23b)

In the following developments, we assume that the wing starts
from rest.

Compared with the methods based on the transfer function real-
ization, the present method can easily model as many as necessary
aerodynamic lag terms into the finite state-space form. Note that
this method yields the same number of augmented states as those
provided by the Roger’s approximationmethod (see Ref. 19).

The preceding results are for two-dimensional cross section
wings. For a finite span wing, the modified strip theory'*?° is
used to extend the two-dimensional aerodynamics to three dimen-
sions. First, to be able to approach the case of swept aircraft wings
also, the reference coordinate system is being rotated with the wing
by the sweep angle A (Ref. 14). Second, the lift curve slope 2w

Note that only the circulatory terms in Eqgs. (19b) and (19¢) will
be modified.2%:?! All of the geometric measures are now taken in the
rotated chordwise coordinate system (Fig. 1a).

For the frame transformation, we follow the procedurein Ref. 14.
After collecting the coefficients of the chordwise coordinate x, the
downwash in the rotated coordinate system is expressed as:

( e 0z, + 0z, 0z, ‘U 0z, + 0z, . A
w,(x,y,1) E — + — = — | — sin
4 ot | ax o1 ax | oy

. . awU
= |wy— UsxppcosA + Uy SmAE)_y

—x| ¢+ Uyp—sinA (25)
ay

Replacingwg — U, by wo — Usep cos A + Uy, sin A (dwy/dy) and
¢ by ¢ +U, (d¢/0dy) sin A in the preceding formulas, and denoting
U, = U cos A, we get

. dwy
wo.7sc (¥, 1) = wo — U,¢p + U, tan AE)_
y

b [qé + U,,% tan Ai| [ﬁ - 1} (26a)
2 ay T

d
Wose(y. 1) = tho = Uy + Uy tan A== (26b)
y
Based on these equations, the explicitexpressionsof unsteady aero-

dynamic lift and moment will be given in the following sections.

C. Gust and Blast Loads

Based on Duhamel’s convolution integral and the indicial func-
tion for an arbitrary gust wg(7), the induced aerodynamic lift is
expressed as

" dwg (1) }

Ly(r) = CrybU, |:wG(0)‘l’K () +/ 5 Yk (t — 1) dro
0 To

27)
where
Vi () = L7((1/pe”){1/[Ko(p) + K\ (P)]})

is the Kiissner’s function (see Ref. 16). In the practical calculation,
Yk can be approximated by the following exponential form!*:

Y (1) = 1 — 0.500e7%13%" — 0.500e"-27 >0 (28)
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As proved by von Karmdn and Sears,'? the gust embedded in the
atmosphere and flowing with the atmosphere always acts at the
quarter-chordposition,even when the aerodynamicload is not com-
pletely circulatory. For simplicity, we assume that the gust is not
affected by the penetration of the wing. Therefore, the aerodynamic
moment about the reference axis due to the gust is

1
T,(v) = bL (D) = _CL¢b2Un |:wc(0)1lf1<(f)

+ f )y ) dm} (29)
0 310

In general, a gust (discrete model, as considered in this paper) can
be specified by the gust intensity, gradient and its profile.'* In this
paper, the gustintensityis assumed to be uniformly distributedalong
the span. The following types of gust are used in the present study
of aeroelastic response.

Sharp-edged gust:

we(t) = H(T) Vs
1-COSINE gust:
weg(t) = %VG[I —cos(rt/T,)|[H(t) — H(t — 21,)]

where V; is the peak gust velocity and t,, is the gust gradient ex-
pressed in semichord length.!> Other types of gusts are listed in
Ref. 1.

The blast load due to a sonic boom signature can be modeled as
an N-shaped pressure pulse!"’

Ly(v) = Pu(l = t/7p)[H(T) — H(t —17,)] (30)

in which P, is the peak reflected pressure in excess of the ambient
pressure, 7, is the positive phase duration of the pressure pulse,
and r is the pulse length factor.!:” When r = 1, the N-shaped pulse
degenerates into an explosive pulse (in triangular form), whereas
when r =2, a symmetric sonic-boom pulse is obtained.! For blast
loads, we assume that these act throughout the wing.

D. Governing System

The governingequationsand boundary conditionscan be system-
atically derived from the extended Hamilton’s principle (see Ref. 2),
which states that the true path of motion renders the following vari-
ational form stationary:

n
f (6T =8V +6W,)dt =0 31a)

with
Sug = vy =8wy =680, =80. =6¢ =0 at t=1t,1t (31b)
where T and V are the kinetic and the strain energy, respectively,
whereas § W, is the virtual work due to external forces. These are

defined as
Kinetic energy:

== Pk o
2), J. "oy ot

k—l

2
() |andsa (32)
o1 4

Strain energy:

1
= E fa[jE[j dr
m;
_ _f f f [U,V,VE,V,V + OsyVsy + Unyyny]h(k) dnds dy
Cr=1Yh

(k)
(33)

Virtual work due to unsteady aerodynamic, gust, and blast loads:

L
3We=f [p-(y, D)8wo(y, 1) +my(y, Dép(y,)]dy  (34)
0

where p. =L, + L, + L, (positiveupward) is the combined aero-
dynamic force per unit span length and m, =T,, + T, (positive
nose-up) are aerodynamic twist moments about the reference axis.

To study the dynamic aeroelastic response, an aircraft wing fea-
turing abiconvex cross section and experiencingbending—twist cou-
pling is considered. To this end, the circumferentially asymmetric
stiffness (CAS) layup’ is adopted. As demonstrated in Refs. 4 and
5, this type of beam features the following two sets of independent
elastic couplings: 1) vertical bending/wist/vertical transverse shear
(wo, ¢, 6,) and 2) extension/lateral bending/lateral transverse shear
(o, vo, 6-). Also, the aerodynamic loads and the inertia forces of
the beams are completely split into these above two groups; hence,
the total equations of motion and the boundary conditions are com-
pletely decoupled. The equations of motion of the first group that
are of interest for the present problem are

wUZQ;+LaF+Lg+Lb—b11:l>U=O (353)

8¢p: M — B) + Tyo + Ty — (by + bs)¢ + (bio + big)¢” = 0
(35b)
86,: M. — Q. — (by +b13)6, =0 (35¢)

The boundary conditionsare, at y =0,
wy = 0, ¢ =0, ¢ =0, 6, =0 (36a)
andaty=1L,
0.=0, —B,+M,+(bip+bigd =0

B, =0, M, =0 (36b)

In the preceding equations, M,, Q:, B,, and M, are the one-
dimensional stress resultant and stress couple measures that are

defined as
dx
M. (y, 1) = 4Nw +Lw ds
e ds

dz dx
Q;(y,t)=y£( Vs +N,”d )ds

B,(y,t) = —f [Fy(s)Nyy +a(s)Ly,]ds
c

M,(y, 1) = ‘(]g Ny ¥ (s) ds (37
C

The inertia coefficients by, by, bs, by, by4, b5, and b3 are defined
in Appendix A.

For biconvex cross section thin-walled beams with CAS layup
configuration, the force-displacementrelations are

M, az; 0 0 ay 0.
0. _ 0 as ass O (w(/)+0x)

= 38
B, 0 ass ags O ¢ o8
M, IJZ37 0 0 a77J @'
For the free warping model,*>-8 the force-displacementrelations are
M, a0 ay o
0. 0 ass O N
= o+ 6 3
B 0 0 (wy +65) (39)

€

Ase ,
M, IJZ37 0 a77J i
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In terms of the basic unknowns, the governingequationsthatinclude
all of the mentioned effects are

8wy : ass(wy +60,) + ase¢d” + Ly, + L, + L, — by =0 (40a)
8¢: a0 + an¢’ — ass(wy' +0)) — agd'” + T, + T,
— (by + bs)¢p + (big + big)¢” = 0 (40b)

80, : 51339;/ +ay¢" — ass(wé +0,) —ased” — (bs + b14)éx =0

(40c)

The boundary conditions are, at y =0

¢’ =0,

wo =0, ¢ =0, 0, =0 (4lad)

and at y =1L are

Swo: ass(wy + 0,) + asep” =0

8¢p: —asg(wy +6,) — agd” + axb, +an¢’ = —(byo + bls)‘ié/

8¢ —ase(wy + 6;) — assp” =0
80,1 @ +an¢’ =0 (41e—f)

In Egs. (40—41) the terms underscored by double solid lines are

associated with the warping inhibition effect, whereas the term un-

derscoredby single solid line identifies the rotatory inertiaeffect.3 >

The unsteady aerodynamic lift and twist moment are expressed
as

Lae(y, 1) = =1poob*[o 5. (¥, 1)] — CLd)pooUnb[wUJSc(ya 1)

i=1

n a .
— Za[ B[:| = —7pob? |:w0 +U,—— ayor tan A — U,,¢:|

d
- CLd)/Ooo Unb[wﬂ - Un¢ + Un% tan A
y

b(C
_5(% )(¢+U,, tanA) ;al l (42a)

1 S s
Tae(ya t) = —7T,00Qb3 [EUn(ﬁ + §b¢i|

1 ) n
- ECLd)pooUnb |:w0,75c(y, 1) — Z%‘B[:|

i=1

= —pub’ { B (% ) (U,,¢ + U,fz—¢ tan A)i|

1 ) 1 .
+ = b <;S—|—U,,a P tan A _ECLd),OoQUnb wo — U, ¢

9 b(cC )
+0,2% ana 2 (&2 1) (640,22 ana
ay 2\ 7w ay

- Z o B } (42b)

In Eqs. (42a), and (42b), B; fulfill Eq. (23b). The expressions of the
gust and blast loads have been provided in Eqs. (27), (29), and (30).

III. Solution Methodology

Because of the nonconservative nature of the boundary
value/eigenvalue problems and the high complexity arising from the
anisotropy of the constituentmaterials and the boundary conditions,
we apply the nondimensionalizatian, spatial semidiscretizationand
then cast the governing equations into state-space form. The spa-
tial semidiscretizationis based on the extended Galerkin’s method
(see Refs. 7 and 22). The conversion of governing equations into
state-space form is prompted by the fact that, for a general noncon-
servative system, the solution requires a state-space description’®
and that the classical modal analysis based on complex eigensys-
tem does not yield an efficient solution. In addition, to treat various
gust and blast loads in a unified way, the temporal discretizationis
implemented. Note that the Laplace transform method (LTM) can
only be efficiently applied to sufficiently low-order systems. For the
problembeing addressed here, this methodologydoes not constitute
the most appropriate one.

A. State-Space Form of the Governing Equations
Define the basic nondimensional parameters:

y U,t

= = R=Z, i) =2
n=T T=—- =7 wo(n, 7) = =
b0 =60, ban=emn 2=
dr U, dt
(43)
and carry-out spatial semidiscretization:
A AT - AT,
wo(n, 1) = ¥, (1§, (7), ¢, 1) =¥, (0§ (7)
A~ AT n
Oc(n,7) = W, (1. (1) (44a)

where the shape functions \i’w(r)), \i’¢ (n), and \i’x (n) are only re-

quired to fulfill the geometric boundary conditions. In Eq. (44a),

4w (7), §y(v) and §,(v) are N x 1 generalized displacement vec-

tors, which, by the modal expansiontheorem (Ref. 2, pp. 171-178),

can be further expressed as:

Gu (1) = ©,&(7), 4y (1) 0.8(7)
(44b)

=046,(1),  4(v) =

where, ©,,, ©,, and ®, are N X m matrices consisting of the first
m eigenmodes, & are the modal coordinates (Ref. 2, p. 199). After
casting the governing equations into state space, we get:

Omxl
M;!

: y > : DM 45
i 7 [B.A, A, +B.B, +| D2 Q:+0)) 45)

. 71J
LDzM,,
or, in a more compact form,

(X) = [41(X) + (B.Q,} + [B.1{0s) (46)

In Eq. (45), X, and x, are 2m x 1, and nm X 1 vectors that describe
the motion of the wing and unsteady aerodynamic loads on the
wing, respectively, whereas Q, and Q, are the generalized gust and
blast loads, respectively. The details of the matrices and vectors in
Eq. (46) are listed in Appendix B.

B. Temporal Discretization of the Governing Equations
The general solution of Eq. (46) can be expressed as®

X (D)} = [ HX(0)) +f {explA(t — ) }IB.H{Q,}(70)

0

+1{Qs(70)} dro (47a)
where the transition matrix
e*1=L7'[(pI —A) '] = e (47b)

i=0
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For a generalnonconservativesystem, the eigenvaluesand eigen-
vectors are complex-valued quantities. Although the system matrix
A can be orthogonalizedin terms of its left and right eigenvectors 2
for large orderof A the actualimplementationis notefficient.? More-
over, the LTM is almost impractical for systems featuring large or-
ders. As a results, the preceding equation is directly discretized in
the time domain.

With the fixed sampling step Az, the following discretized equa-
tion is derived’:

(X(k+ 1)} = [e* )X (k)

—I[B.1{Q, (k) + Oy (k)} (48a)

where the discretized transition matrix

+ [A]fl[eAAr

=Y S any (48b)

i=0

Note that, if the externalload Q, (k) + @, (k) is constant for all £
and e127 is precisely evaluated, then the approximationin Eq. (48)
strictly becomes an equality. Given the maximum amplitude of the
eigenvalues of A and the sampling step At, the numerical con-
vergence requirement of Eq. (48b) and the prescribed computation
accuracy determines the number of truncated terms in Eq. (48b) for
the approximationof eA27 (Ref. 2). In this paper, the accuracy order
of 1073 is prescribed.

_ Once the solution of {f( (k)} is known, the generalized coordinate
& (k) can be extracted, and then the aeroelastic response can be
reconstructed as follows:

do(n, k) = UL (OE K, dn, k) =B (O (k)

~ AT o

Oc(m, k) =T (7)O,& (k) (49)
For the acceler.gtion, substituting the solution of X (k) to Eq. (46)
and extracting & (k), we get:

Dolr ) = BLN@LEH). b k) = T, ()O,E, (k)

0,(1.k) = ¥, (0O, &, k) (50)

IV. Validation and Discussion

In this section, the dynamic aeroelastic response of anisotropic
thin-walled beams exposed to selected gust and blast loads is ad-
dressed. Also addressed is the influence of elastic coupling and
warping inhibition on the response. The geometric and material
specifications of beams with CAS layup are listed in Table 1. Note

Table 1 Material properties and geometric specifications
of a wing with CAS layup and biconvex cross section

Specification Value
Material
Ey 206.8 x 10° N/m?
Ey =E3; 5.17 x 10° N/m?

Gi3=Gx 2.55 x 10° N/'m?

G2 3.10 x 10° N/m?

K12 =13 = 423 0.25

P 1.528 x 10% kg/m?
Geometric

Length L 2.032m

Width 25* 0.254m

Depth 24 0.06807 m

Aspect ratio 16

Wall thickness & 0.0102m

Number of layers 6

Layer thickness 0.0017 m

Sweep angle A 0 deg

“Length is measured on the contour line.

Table2 Comparison of the flutter results of the Goland’s wing??

Flutter speed, Error,* Flutter frequency, Error,*

Method km/hr % Hz %

Exact? 494.1 — 11.25

Present (N =9) 494.5 0.08 11.04 —1.87

Patil and Hodges?* 488.3 —1.17 11.17 -0.71

Gern and Librescu?’ 493.6 -0.10 12.02 6.84
(N=T)

“Relative error, {[approximated] — [exact]}/[exact].

that in the actual calculation, the first five structural modes and
two aerodynamic lag terms [see Eq. (21)] are used, that is, m =5
and n =2, Wagner’s function is approximated by the Jones’s quasi-
polynomial formulas (see Ref. 14), and all of the response compo-
nents (bending, twist, sand transverse) are measured at the beam tip
(n=1).

Before addressing these issues, it is in order to validate the accu-
racy of the aeroelastic model developed so far. Toward this purpose,
the flutter predictionof the Goland’s wing?? via the transientmethod,
which is based on Eq. (46), is compared with the exact solution. The
comparison predictions, listed in Table 2 (Refs. 23-25), reveal the
excellent agreement with the exact ones. Note that the accuracy of
the structural model has been validated in Refs. 26 and 27 against
available experimental and theoretical results.

Figures 4 and 5 quantitatively display the significant influence
of elastic coupling on the response. By choosing the stacking se-
quences to be [75¢] and [105¢], we retain the stiffnesses as;, a;7,
ass, and ags to be equal for these two stacking sequences in the
sense that they are symmetric with respect to § =90 deg, whereas
a7 and ase are antisymmetric (Fig. 6). It is readily seen that, for the
case of [1054], the maximum amplitudes of both the deflection and
twist are reduced to half of their counterpartsobtainedin the case of
[756]. Note that the damping is entirely due to the unsteady aerody-
namicloads (fluid—structureinteraction);no structure-relateddamp-
ing is accounted for. One interesting phenomenon about this type of
damping is that, although in the [105¢] case the amplitudes of the
response are reduced, the damping (or decaying rate) is larger than
its counterpartin the case of [75¢]. It seems that we can not achieve,
simultaneously, reduction in both the amplitude and damping.

The amplitude reduction of the aeroelastic response due to elas-
tic coupling can be viewed as consisting of two sources, one that
is entirely due to the structural modification and another one that
is due to the fluid—wing interaction (of feedback mechanism). It
is noted that the unsteady aerodynamic loads are discarded toward
evaluating the structural contribution. Comparison of Figs. 7 and 8
clearly reveals each of these two contributions: In the total change
of 0.026, only 0.009 is of structural nature, whereas the remain-
ing 0.017 is due to the fluid—wing interaction. Stated another way,
if elastic coupling can achieve one unit of structural modification,
almost two more units of modification can be induced further by
the fluid—-wing interaction. This reveals that fluid—wing interaction
significantly amplifies the structuralmodification due to elastic cou-
pling by a factor of 2. However, the modification of aerodynamic
damping does not follow this direction.

Figure 9 shows the influence of warping inhibition effect on the
deflection response in cases of large aspectratio wings. It is readily
seen that warping inhibition increases the transverse bending stiff-
ness and, therefore, reduces the response amplitude and shifts the
oscillatory frequencies to be higher. However, these modifications
are marginal, even in the presence of the amplifying effect by the
fluid—wing interaction. This implies that, for wings with large as-
pect ratio, warping inhibition may be discarded in the analysis of
aeroelasticresponse.

Figure 10 shows the sensitivity of response due to change of 7, in
the one-cosinegustexcitation. Observe that the maximum amplitude
changesmildly due to these different1-COSINE gusts. However, for
blast or sonic boom, the picture becomes quite different, as shown
in Figs. 11 and 12. Observe that the sonic boom (r =2) causes the
most severe response.
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Fig. 4 Influence of elastic coupling on the response subjected to a 1-COSINE gust R =16, My =0.5, Vi =10 m/s, 7, =20, and warping inhibition
included.

0 100 200 ., 300 400 500
time T

Fig. 5 Influence of elastic coupling on the response subjected to a sharp-edged gust, R =16, Mr =0.5, Vi =10 m/s, and warping inhibition included.
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Fig. 6 One-dimensional stiffness coefficients vs ply angle; units: a3; (N - m?), ags (N - m*), as¢ (N - m2), a7; (N - m2), az3 (N - m2), and ass (N).
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Fig. 7 Influence of fluid-wing interaction on the response subjected to a 1-COSINE gust, [105¢], R

included.
Fig. 8 Influence of fluid-wing interaction on the response subjected to a 1-COSINE gust, [75¢], R

inhibition included.
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Fig. 9 Warping inhibition effect on the deflection response subjected to a 1-COSINE gust, [75¢], Vs
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Fig. 10 Response subjected to 1-COSINE gusts with different 7, [75s], R
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Fig. 11 Response subjected to blast loads with different 7, [75¢], R
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Fig. 12 Response subjected to blast loads with different r, [75¢], R
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V. Conclusions

An efficient and comprehensive aeroelastic model based on an
anisotropic thin-walled beam theory and the concept of indicial
functions to model the aerodynamic loads in incompressible flow
has been proposed and formulated. The theory incorporatesa num-
ber of nonclassical structural effects. Major conclusions are as fol-
lows.

1) The influence of elastic coupling on the aeroelastic response
has been quantitativelyinvestigated.It is observed that on one hand,
the fluid—wing interaction provides damping to the subcritical re-
sponse, and on the other hand, it acts as an amplifier to the structural
modification due to elastic coupling. For the case studied in the text,
one unit structural modification can be amplified to about 3 unit
modification of the total response change.

2) For aircraft wings with large aspectratio (R > 12), warpingin-
hibitionhas marginal influence on the response, even in the presence
of amplifing effect of the fluid—structural interaction.

3) Given the peak reflected overpressure P,, the blast profile
specified by the parameters r and 7, is significant in accurately
predicting the maximum amplitude of the response subjected to
such types of blast pulses.

The results obtained here are expected to contribute, among oth-
ers, to the further understanding of the mechanism of aeroelastic
tailoring and warping inhibition effect on the response.

Appendix A: Expression of One-dimensional Stiffness
and Inertia Coefficients

The globalstiffness quantitiesa;; (=a;;) and inertia terms related
to the problem are defined as

5 dx dx :
aszz = z Kll +22—K14+ -_ K44 ds
e ds ds
dx
az = zKi3 + —Kys | ds
e ds
Aass = dz 2K + dr ZA ds
55 = g s 22 s 44

dz dz
ase = —f Fy,—Ko +a(s)—Ky | ds
. ds ds

e = f [FHZ,KU +2F,a(s)Ky, +a(s)2K44] ds
c

ap = f Y (s)Kisds
c

where K;; are the reduced stiffness coefficients and A44 =Ay —
(A4215/A55)-
The inertia coefficients in the Eqgs. (35) are defined as

b = f my ds, (by, bs) = f (22, xz)mo ds
c c

2 2

d dz

b14 = f my (—x) dS, b15 = f mz(—) ds
. ds . ds
(bro. bis) = f [moF2(s), mya*(s)] ds
c
in which

my h(k*)
(mo, my) = Zf pay (1, n2) dn
h

k=1 k™)

Appendix B: Definition of Matrices in Equation (46)
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